We develop a framework for constructing initial data sets for perturbations about spherically symmetric matter distributions. This framework facilitates setting initial data representing sources of gravitational radiation involving relativistic stars. The procedure is based on the Lichnerowicz-York conformal approach to solve the constraints in Einstein's equations. The correspondence of these initial data sets in terms of the standard gauge perturbation variables in the Regge-Wheeler perturbation variables is established, and examples of initial data sets of merging neutron stars under the close-limit approximation are presented.
I. INTRODUCTION
The early years of the next millennium will hopefully be remembered for the birth of gravitational-wave astronomy. With several large scale interferometers ͓Laser Interferometric Gravitational Wave Observatory ͑LIGO͒, VIRGO, GEO600, TAMA͔ under construction, and the continued improvement of the technology for cryogenic resonant-mass detectors ͑ALLEGRO, AURIGA, EXPLORER, NAUTI-LUS͒, there are many reasons to be optimistic at the present time. However, the interpretation of data from the new generation of detectors will heavily depend on accurate ''templates'' of gravitational waveforms. For a given astrophysical source of gravitational radiation, construction of such templates involves fully non-linear or perturbative approximations to Einstein's field equations. In both instances, the construction of appropriate initial data constitutes a fundamental issue. It is absolutely necessary that initial data represent a ''realistic'' stage of the astrophysical system under consideration.
The early years of numerical relativity were in part characterized by studies aimed at constructing initial data for Einstein's equations, namely data that satisfy the Hamiltonian and momentum constraints. Of particular interest was obtaining solutions to the constraints which represent black hole binaries ͓1͔. These initial data studies highlighted the importance that the Lichnerowicz-York conformal approach ͓2͔ plays in facilitating solving the constraints.
In the perturbative arena, initial data sets also play a fundamental role if a connection with systems of astrophysical relevance is to be made. Examples of perturbative studies where astrophysically consistent initial data is needed are the point-particle ͓3͔ and close-limit approximations ͓4͔ to black hole coalescences. For the close-limit approximation in particular, this issue is crucial. The focus is then on the late stage of the merger, when the binary system can be approximated as a single, perturbed black hole. In the case of perturbations of relativistic stars, most of the studies ͓5͔ have not considered initial data with direct connection to a given astrophysical situation. In other words, the focus has so far been on investigating how the star reacts to generic perturbations. The goal of this paper is to provide a mechanism for generating initial data for perturbations of a relativistic star. This data should ideally represent astrophysical situations of relevance to gravitational-wave detectors. Inspired by the success that the Lichnerowicz-York conformal approach has enjoyed for solving Einstein's constraints, we base our perturbative methodology on ''linearizing the LichnerowiczYork procedure.'' By doing so, we take advantage of the prescription for knowing which pieces of information, among the metric and its ''velocity,'' are fixed by the constraints and which are freely specifiable. Moreover, we inherit the machinery used in the past for the construction of initial data sets representing binary systems. That is, the procedure described in this paper provides a natural framework for obtaining initial data in connection with the close-limit approximation to neutron star mergers ͓6͔. As with black hole binaries, the close-limit to neutron star collisions deals with the late stages of the merger, at the point in which the systems can be approximated as a single neutron star ''dressed'' with perturbations.
It is perhaps relevant, before we present any detailed results, to digress on the perceived relevance of our study. First of all, it is important to realize that the initial data that we construct may be rather different from a true dynamically perturbed neutron star in an astrophysical system. The main reason for this is the assumption of spatially conformally flat initial data in the Lichnerowicz-York approach. This assumption is not based on physical reasoning, but is used because of the simplifications it brings to the problem. In a way, it corresponds to ''minimizing'' the gravitational-wave content in the initial space-time. That this need not necessarily be an appropriate assumption is obvious. However, the true nature of the ''initial'' data for ͑say͒ a strongly distorted neutron star formed via gravitational collapse in a supernova is largely unknown. Basically, the entire history of the system must be known if one is to be able to model the amount of gravitational waves in the space-time correctly. This is a major problem, not only for the present investigation, but for any attempt to model astrophysical sources in general relativity. Since the standard approach in numerical relativity is to proceed via the Lichnerowicz-York procedure, we have chosen to do so in our consideration of the perturbation problem. This means that our method is fully compatible with, and complementary to, fully nonlinear evolutions. And this is the arena where our results should prove useful. First of all, our framework can be used to create linearized initial data that is comparable to fully nonlinear data used to study single relativistic stars. This provides a powerful benchmark test for the nonlinear evolution codes. Secondly, one can extend our results to provide a translation of nonlinearly evolved data into a perturbative data set. In this way an evolution can readily be extended by using perturbative equations once the system settles down into the linear regime. Thirdly, using the perturbative approach we can easily create model initial data for many ''astrophysical'' situations. The example we have chosen for the present work is the closelimit approximation to neutron star mergers. As is clear from the discussion in ͓6͔, this approximation should not be expected to fully represent true neutron star collisions since several important pieces of relevant physics ͑like shocks͒ are not included. However, given a method for generating closelimit initial data we can probe the parameter space at comparatively low computational cost.
II. LINEARIZATION OF THE LICHNEROWICZ-YORK CONFORMAL APPROACH
Given a spacetime with 4-metric ĝ and a foliation of this spacetime with Eulerian observers having a 4-velocity n , the constraints in Einstein's fields equations can be written in a 3ϩ1 ͓or Arnowitt-Deser-Misner ͑ADM͔͒ form ͓7͔ as
Above, ĥ i j is the 3-metric (ĥ ϭĝ ϩn n ) and K i j the extrinsic curvature of the time-like hypersurfaces in the foliation, with K ϭĥ i j K i j and R the scalar curvature. Furthermore, ٌ i is the covariant derivative associated with the 3-metric ĥ i j , and and ĵ i are the energy and momentum densities of the matter sources. Greek letters denote spacetime indexes and Latin letters spatial indices, and we use units in which Gϭcϭ1. Contrary to the common practice, we use ''carets'' to denote physical space since we will be mostly working in the conformal space.
For a perfect fluid, the stress-energy tensor is given by
where and p are, respectively, the total mass-energy density and pressure of the fluid measure by an observer with 4-velocity û . The energy and momentum densities appearing in the constraints are obtained from
where ␥ ϵϪn û is the relativistic boost factor. The fundamental virtue of the Lichnerowicz-York conformal approach ͓2͔ for solving the Hamiltonian and momentum constraints is that it provides a concrete recipe for singling out which four ''pieces'' among the twelve components (ĥ i j ,K i j ) are to be solved from Eqs. ͑1͒ and ͑2͒. The starting point is the ansatz
where the conformal metric h i j is assumed to be known. Thus, for the metric, the piece that is fixed by the constraints ͑Hamiltonian͒ is the conformal factor . The other three quantities fixed by the constraints ͑momentum͒ involve the extrinsic curvature. The idea here is to decompose the extrinsic curvature into its trace, tracefree-transverse and tracefreelongitudinal parts. To achieve this, the extrinsic curvature is first split into
Before decomposing the tracefree part Â i j into its transverse and longitudinal parts, the following conformal transformation is applied:
The exponent in the conformal transformation is motivated by the fact that this transformation possesses the following property:
with ٌ i covariant differentiation associated with the background metric h i j . This property simplifies the conformal transformation of the divergence of the extrinsic curvature in the momentum constraint ͑2͒.
Since, as will become clear below, the trace of the extrinsic curvature K is not fixed by the constraints, no conformal transformation is imposed on the trace of the extrinsic curvature (K ϭK). Once the conformal transformation is applied, the next step is to decompose A i j into its transverse and longitudinal parts: namely,
where
With the above conformal transformations and transverselongitudinal decompositions, the Hamiltonian and momentum constraints become
͑14͒
where R i j is the 3-Ricci tensor of the conformal space and R its trace. In deriving Eqs. ͑13͒ and ͑14͒, the following conformal transformations for the energy and momentum densities were used:
To summarize, the Hamiltonian constraint fixes the conformal factor and the momentum constraint determines the generator W i of the longitudinal part of the conformal, traceless part of the extrinsic curvature. The freely specifiable data in this coupled set of equations are the conformal metric h i j , the trace of the extrinsic curvature K, the source functions (, j i ), and the divergence free, traceless part of the extrinsic curvature A * i j , which is hidden in A i j in Eq. ͑13͒. Thus far, we have just reviewed the Lichnerowicz-York treatment of the initial data problem. We now introduce our first assumption. The initial data (ĥ i j ,Â i j ,K , , ĵ i ) are assumed to be close to a given background: i.e.,
where (0) labels background quantities and (1) first-order perturbations. The corresponding decomposition of the conformal space quantities yields
Although all scalars, vectors and tensors are expanded in order of smallness, it is important to stress again that all but and W i are freely specifiable, and this property is independent of the order of the perturbation.
At this point we introduce our second assumption, which is that the perturbations of the conformal background vanish on the initial data slice; that is h i j
(1) ϭ0. The primary motivation for this choice is the simplification of the coupled system of constraint equations. We shall later discuss the physical relevance, as well as the implications and restrictions, that this assumption imposes on the class of initial data that one has access to with our procedure. Using h i j
(1) ϭ0, to-gether with the above perturbative expansions in the coupled elliptic system ͑13͒ and ͑14͒, we obtain
where R, R i j , and ٌ i refer to the background. In writing Eqs. ͑39͒ and ͑40͒, we have used the fact that the zeroth-order quantities satisfy the constraints. Notice that, as in the nonlinear case, the constraints remain coupled.
III. THE INITIAL DATA PROBLEM FOR RELATIVISTIC STELLAR PERTURBATIONS
We now focus on constructing initial data sets for which the background is a static and spherically symmetric stellar model, with 4-metric given by
where the metric coefficients and are functions of the radial coordinate r only. Einstein's equations for this background reduce to solving three equations. The first equation defines the mass inside radius r ;
Here m is a function of r that is related to the metric function by
Equation ͑42͒ is directly obtained from the Hamiltonian constraint. The second equation belongs to Einstein's evolution equations and reads
Finally, conservation of momentum yields the condition for hydrostatic equilibrium:
The above stellar structure or Tolman-Oppenheimer-Volkoff ͑TOV͒ system of equations must be supplemented with an equation of state. For simplicity, we use the polytropic equation of state p ϭ ⌫ , where and ⌫ are the adiabatic constant and index, respectively. The adiabatic index ⌫ is related to the polytropic index n by ⌫ϭ1ϩ1/n. In the specific example provided later, we use ⌫ϭ2 (nϭ1).
We now assume that the zero-order quantities ( (0) ,p (0) ,,) have been obtained from solving Eqs. ͑42͒, ͑44͒ and ͑45͒. The next step is to solve for the first-order perturbations from the linearized constraints ͑39͒ and ͑40͒. To facilitate this task, it is convenient to perform a coordinate transformation and bring the 3-metric in ͑41͒ into the isotropic, conformally flat form
where the conformal factor is given by The static nature of the background spacetime and the gauge choice of a vanishing shift vector imply K i j (0) ϭ j (0) i ϭ0 for this background spacetime. This leads to considerable simplifications in the following, but the procedure we describe for constructing perturbative initial data can easily be extended to include also time-dependent, spherically symmetric background spacetimes.
We introduce here our third assumption, which is that A *
(1) i j ϭK (1) ϭ0. The vanishing of the transverse-traceless part of the perturbation to the extrinsic curvature has direct implications to the gravitational radiation content of the initial data. In a way this assumption can be viewed as ''minimizing'' the amount of gravitational waves in the initial spacetime. That this need not be a true representation of an astrophysical system ͑and hence may not be desirable͒ is obvious, but in order to be able to assign this part of the free data physically correct values we need a detailed knowledge of the past history of the system. Such information requires long term, nonlinear evolutions and is far beyond our present capabilities. The present assumption is convenient in that it simplifies the calculations considerably. Furthermore, we are unlikely to overestimate the amount of gravitational radiation emerging from true physical systems if we base our estimates on the present approach. The vanishing of the trace of the extrinsic curvature to first order is less restrictive physically. It simply implies ͑using also the fact that K (0) ϭ0) that the slicing of the perturbed spacetime is maximal to first order. With those further assumptions, the linearized constraints ͑39͒ and ͑40͒ decouple and take the form
where we have decomposed the vector W (1) i in Eq. ͑40͒ following ͓8,9͔ as
From now on, we will drop the label (1) in j (1) i and W (1) i since the zero-order values for these quantities vanish.
The set of equations ͑49͒-͑51͒ constitute a coupled set of elliptic equations in three dimensions, expressed e.g., in the coordinates (r,,) of the background space. Due to the spherically symmetric nature of the background, these linearized equations allow for a separation of variables. Specifically, we can apply a spherical harmonic decomposition of form:
Here e 1 i and e 2 i are the basis vectors of even-parity perturbations and e 3 i is the basis for odd-parity perturbations. In the above expressions and what follows, it is understood that the radial functions are for a given (l,m). These indices have been suppressed for economy in notation. We note that in terms of the radial functions, Eq. ͑52͒ reduces to
After separation of variables, the system of equations ͑49͒-͑51͒ is rewritten as a system of coupled radial elliptic equations:
Equations ͑61͒-͑65͒ fully characterize, for each (l,m) harmonic, initial data ͓ (1) ,U,V i ͔ to first perturbative order, once the background conformal factor (0) and density (0) as well as the fluid perturbations (1) and J i are specified. Outside the sources, the solutions to the above equations are Uϭur a , V 1 ϭv 1 r b , V 2 ϭv 2 r c , and V 3 ϭv 3 r d with u, v 1 , v 2 , and v 3 constants. In order to have regular solutions for r →ϱ, one needs aϭdϭϪ(lϩ1), bϭcϭϪl and v 1 ϭlv 2 , where we assume that lу1. As we shall later see, the corresponding interior solutions for head-on and inspiral closelimit collisions exhibit the same scaling; that is, V 1 ϭlV 2 as well as J 1 ϭlJ 2 . With this assumption, the system of Eqs. ͑62͒-͑65͒ reduces to
IV. CORRESPONDENCE WITH REGGE-WHEELER VARIABLES
Before we proceed to present examples of initial data sets constructed using the above approach, we want to establish the correspondence between our variables and the standard Regge-Wheeler variables. This is relevant since the ReggeWheeler notation ͑and the associated gauge͒ is customarily used in perturbative evolutions for spherical stellar models ͓5͔. To this end, consider a spatial tensor T i j such that (r ,,) . The perturbations of this tensor can be decomposed as
Above, f i j 1 , f i j 2 , f i j 3 , and f i j 4 represent the even-parity tensor spherical harmonics and f i j 5 and f i j 6 the odd-parity counterparts.
Using the Regge-Wheeler notation, the perturbations of the spatial metric ͑in physical space͒ read
where K must not be confused with the trace of the extrinsic curvature. From the previous section, we have that the spatial metric can be constructed from
where (0) ϭ(r /r) 1/2
, ĥ i j (0) ϭdiag(e 2 ,r 2 ,r 2 sin 2 ), and (1) ϭ ͚ lm (1) (r)Y lm with (1) (r) a solution of the radial equation ͑61͒. Thus, our approach to construct initial data yields spatial metric perturbations of the form
Comparison of the metric perturbations ͑79͒ with ͑76͒ shows that our procedure for constructing initial data yields in terms of the Regge-Wheeler notation h 1 odd ϭh 1 even ϭh 2 ϭGϭ0 and
Consider now the extrinsic curvature. As mentioned before, the extrinsic curvature vanishes to zero-order. In addition, we made the choice of having vanishing first-order trace K (1) and transverse-traceless parts A *
(1) i j . Thus, the extrinsic curvature is completely determined by the vector W i and the conformal factor of the background space (0) from
In terms of tensor spherical harmonics, the extrinsic curvature reads
Before proceeding, it is appropriate to discuss the implications of the assumptions we imposed for the presence of even and odd parity perturbations in the initial data. Consider first the perturbations of the 3-metric: The assumption of vanishing perturbations of the conformal 3-metric implies ͓as seen from Eq. ͑79͔͒, that h 1 odd ϭh 1 even ϭh 2 ϭGϭ0. This means that all odd parity perturbations of the 3-metric must vanish on the initial surface. At first sight this may seem strange, but it should be realized that it does not exclude the presence of odd-parity perturbations. Such perturbations may enter via the Regge-Wheeler variable h 0 , which is a part of the freely specifiable data. Similarly for even-parity perturbations, the Regge-Wheeler quantities H 0 and H 1 are not part of the constraints and can be chosen freely. A choice of these three variables correspond to choosing a slicing for the spacetime, i.e., specifying the lapse and the shift vector. Specifically, Regge-Wheeler gauge corresponds to h 1 even ϭGϭh 2 ϭ0 above, as well as perturbed lapse
and shift vector
Furthermore, it should be pointed out that there are no constraints on the odd or even parity nature of the extrinsic curvature initial data. This follows immediately from Eq. ͑82͒ since the coefficients k 1 through k 6 are in general nonvanishing. As a consequence, even if the initial 3-metric has vanishing odd-parity perturbations, the time evolution will in general include such perturbations.
V. SAMPLE INITIAL DATA SETS: COLLIDING NEUTRON STARS
We will now apply the method for constructing initial data, that was presented in Sec. III, to a case of potential astrophysical relevance. We consider collisions of neutron stars under the close-limit approximation. The philosophy behind this approximation has been extensively discussed by Allen et al. ͓6͔ , and we will not repeat the details here. Let us simply stress that the chosen approach to the problem is natural from a computational view, but does not account for some relevant pieces of physics ͑like internal shocks͒. Hence, the corresponding initial data will certainly not be a full description of an astrophysical merger of neutron stars. However, there is no reason why one should not be able to infer some of the true physical information regarding, for example, the pulsations of a merged object from evolutions based on our perturbative initial data. Of course, the most important use of our data sets, and the corresponding evolutions, will be as benchmark tests for fully nonlinear evolution codes.
The previous study of the neutron star close-limit approximation was specialized to the case of head-on collisions ͓6͔.
Here, we present a general discussion of neutron-star closelimit initial data, and give explicit results for both boosted head-on and inspiralling collisions.
As stated at the end of Sec. III, initial data are obtained by solving the system of equations ͑61͒-͑65͒. The input for these equations are the background conformal factor (0) and density (0) and, in addition, the fluid perturbations (1) and J i . For close-limit collisions, one specifies the background from the outcome of the collisions. The fluid perturbations (1) and J i , on the other hand, are obtained by ''subtracting'' the background from a suitable superposition of stars that represent the initial configuration. A suitable way of relating the two initial stars to the final configuration was presented in ͓6͔, and we refer the reader to that paper for further details.
Let us first consider the perturbation to the background density. Neglecting complicating factors, such as the effects from tidal deformations, we approximate the total density of the binary system with the following superposition of density profiles of isolated neutron stars ͓6͔:
where * is the conformally transformed density profile of the colliding neutron stars in isolation located a distant i in conformal space. This functional form ͑87͒ for the total density is chosen since it leads to the correct zero-separation and infinite-separation limits. That is, for zero-separation → * , and for large separations (r i )→ *
. We now introduce the close-limit approximation, i Ӷ1, and write
Therefore, Eq. ͑87͒ takes the form
Given this total energy, the density perturbation is obtained from
͑90͒
Similarly, the momentum density is given by the superposition of momentum densities of boosted isolated stars:
In this case, there is no need for a counterpart of the last term in ͑87͒. For both, head-on and inspiral collisions,
which obviously has the appropriate zero-separation limit, namely j i (r k )→0 as i →0. Once again, we apply the closelimit condition and approximate
͑93͒
Therefore,
Notice that Eq. ͑94͒ directly gives the momentum density perturbation because, by construction, the background is static.
term (mϭ2, lϭ2) J 3 ϭ0 and
The dipole term (mϭ0, lϭ1) does not contribute to the emerging gravitational radiation and can be ignored. Once again, the momentum density perturbation for the inspiral case only differs from the head-on case by a numerical factor. The only non-trivial differences in the initial data will then arise from the Y lm 's since in one case mϭ0 ͑head-on͒ and for the other mϭ2 ͑inspiral͒. The quantities * and J * in ͑109͒ and ͑111͒ are obtained as in the head-on collision case, namely from Eqs. ͑102͒ and ͑103͒ respectively. Figure 1 shows profiles of the density perturbation (1) and the momentum density perturbation J 1 for the closelimit, boosted, head-on collision. Recall that for inspiral and head-on collisions J 1 ϭ2J 2 and J 3 ϭ0. The perturbations (1) and J 1 were calculated from neutron stars with initial separation ϭ0.1R (0) and velocity vϭ0.1c. The corresponding perturbations for the inspiral case only differ from the perturbations shown in Fig. 1 by a constant numerical factor ͓compare Eqs. ͑99͒ and ͑101͒ with Eqs. ͑109͒ and ͑111͔͒.
The TOV parameters for the background and colliding stars are c (0) ϭ2.69ϫ10 15 g/cm 3 and (0) ϭ100 km 2 . For these parameters, the mass and radius of the background star are M (0) ϭ1.24M ᭪ and R (0) ϭ9.0 km, respectively. The initial colliding stars, which are displaced a distance 0.1R 0 from the center of mass, follow from c *ϭ2.98ϫ10 15 g/cm 3 and K * ϭ90.25 km 2 . With these parameters, the colliding stars have a mass and radius of M * ϭ1.17M ᭪ and R 0 *ϭ8.58 km, respectively. Figure 2 shows the solutions to the conformal perturbation (1) and the harmonic components W 1 and W 2 ͓see Eq. ͑60͒ of the vector W i for the close-limit collision of neutron stars corresponding to the perturbations in Fig. 1͔ .
VI. CONCLUDING REMARKS
In this paper, we have presented a framework for constructing initial data relevant for perturbative studies of neutron stars. Our approach was to ''linearize'' the Lichnerowicz-York standard procedure for the initial-value problem in general relativity, and it facilitates ͑to a certain extent͒ setting astrophysical initial data for perturbation evolutions, cf. ͓5͔. It is straightforward to compare our method ͑as well as the results͒ to the fully nonlinear one, which is important since a main motivation for perturbation studies is to provide benchmark tests for nonlinear numerical relativity.
As examples of interesting initial data that can be constructed from our equations, we constructed data for merging neutron stars in the close-limit approximation. The simplest case of these data sets, that describe head-on collision of two initially static stars, has already been extensively discussed in ͓6͔. No studies of the more general data with initial mo-FIG. 1. Density (1) and momentum density J 1 perturbations ͓see Eqs. ͑99͒ and ͑101͒ in the text͔ for the close-limit, boosted, head-on collision of neutron stars with initial separation ϭ0.1R (0) and velocity vϭ0.1c. The corresponding perturbations for the inspiral case differ from these quantities by constant numerical factors. The TOV parameters for the background and colliding stars are c (0) ϭ2.69ϫ10 15 g/cm 3 and (0) ϭ100 km 2 . For these parameters, the mass and radius of the background star are M (0) ϭ1.24M ᭪ and R (0) ϭ9.0 km, respectively. The initial colliding stars, which are displaced a distance 0.1R 0 from the center of mass, follow from c *ϭ2.98ϫ10 15 g/cm 3 and K * ϭ90.25 km 2 . With these parameters, the colliding stars have a mass and radius of M * ϭ1.17 M ᭪ and R 0 *ϭ8.58 km, respectively. (1) and harmonic components W 1 and W 2 of the vector W i from the solution to the linearized constraints for the close-limit collision of neutron stars corresponding to the perturbations in Fig. 1. mentum and for inspiralling collisions have yet been performed. Such simulations should obviously be carried out, and we hope to be able to discuss the relevant results, as well as possible extensions of the framework developed in this paper to, for example, rotating configurations, in the near future.
FIG. 2. Conformal perturbation

